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We apply cluster dynamical mean field theory with an exact-diagonalization impurity solver to a Hubbard
model for magic-angle twisted bilayer graphene, built on the tight-binding model proposed by Kang and
Vafek [1]. This model applies to the magic angle 1.30◦. We find that triplet superconductivity with p + ip
symmetry is stabilized by CDMFT, contrary to other triplet or singlet order parameters. A minimum of the
order parameter exists close to quarter-filling, as observed in experiments.
Twisted bilayer graphene (TBG) consists of two layers of
graphene deposited on top of each other with a slight ro-
tation, or twist. At commensurate twist angles, the bilayer
forms a moiré pattern with a period that depends closely on
the twist angle. It has been predicted that for some “magic
angles”, the resulting band structure has a few relatively
flat bands at low energy, separated from the rest, thus form-
ing an effective strongly interacting electronic system [2–4].
The physical realization of this occurred in 2018 when Cao
et al. observed Mott behavior in quarter-filled TBG (filling
is understood here in terms of the four low-energy bands)
at some magic angles [5] and detected superconductivity
just away from that filling [6]. Superconductivity was also
found at larger twist angles by applying pressure [7]. These
discoveries have renewed theoretical research on this sys-
tem, with the goal of understanding the origin of super-
conductivity in TBG [8–17]. Some authors have found
triplet superconductivity to be dominant [9, 12, 13], others
predict singlet superconductivity, specifically of the d + id
type [8, 14, 16, 17]. The great variety of effective mod-
els and methods used complicates the comparison between
these works.
The difficulty here is two-fold: (i) to construct a model
Hamiltonian that can reasonably represent this very com-
plex system and (ii) to predict correctly, within that model,
whether superconductivity arises, and if so, with what char-
acteristics: Singlet or triplet, order parameter symmetry,
etc.
Since magic angle TBG is a strongly correlated system,
the natural course of study is to set up an effective low-
energy Hamiltonian in the Wannier basis, as opposed to the
Bloch basis [1, 18, 19]. Since the moiré pattern of TBG
forms a triangular lattice, it was initially thought that the
effective Hamiltonian would be defined on that lattice, and
indeed it was shown that the electron density associated
with the low-energy bands is peaked around its sites. How-
ever, it was then shown that no Wannier basis satisfying the
minimal symmetry requirements could be constructed on a
triangular lattice; on the contrary, the Wannier states have
to be defined on the plaquettes of a triangular lattice, which
form a graphene-like (hexagonal) lattice.
We adopt as a starting point the model proposed by Kang
and Vafek [1], itself based on the microscopic analysis of
E1
E2 w1w3
a1
a2
a3
FIG. 1: Schematic representation of the Wannier functions w1 =
w∗2 (orange) and w3 = w
∗
4 (green) on which our model Hamilto-
nian is built. The charge is maximal at the AA superposition points
(blue circles) forming a triangular lattice. The Wannier functions
are centered on the triangular plaquettes that form a graphene-like
lattice (black dots), whose unit cell is shaded in red. The under-
lying moiré pattern illustrated corresponds to (m, n) = (9,8), but
the functions used in this work correspond to (m, n) = (26,25).
The basis vectors E1,2 of the moiré lattice are shown (they are also
basis vectors of the graphene-like lattice of Wannier functions), as
well as the elementary nearest-neighbor vectors a1,2,3.
Moon and Koshino [19]. We then simply add a Hubbard
U , local to each of the four Wannier states per unit cell,
and apply cluster dynamical mean field theory (CDMFT) to
this interacting model in order to probe specific supercon-
ducting states. We find that a superconducting state indeed
exists around quarter filling and that it is a triplet state with
p + ip symmetry.
The model described in Ref. [1] is based on four Wannier
orbitals per unit cell. Fig. 1 offers a schematic view of the
orbitals w1 and w3, associated with one layer, whereas or-
bitals w2 = w∗1 and w4 = w∗3 are associated with the other
layer (not shown). Ref. [1] computes a large number of
hopping integrals, of which we will only retain the largest,
as listed in Table I. To this tight-binding model we will add
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2TABLE I: Hopping amplitudes used in this work. They are the most
important amplitudes computed in Ref. [1]. Here ω = e2pii/3 and
the vector [a, b] following the symbol represents the bond vectors
in the (E1,E2) basis shown on Fig. 1. Note that t23 = t∗14 and
t24 = t∗13.
symbol value (meV)
t13[0, 0] =ωt13[1,−1] =ω∗ t13[1,0] −0.011
t14[0,0] = t14[1, 0] = t14[1,−1] 0.0177+ i0.291
t14[2,−1] = t14[0, 1] = t14[0,−1] −0.1141− i0.3479
the simplest possible interaction, a local Hubbard U . Ex-
tended interactions are certainly nonnegligible, but the par-
ticulars of our approach does not allow their inclusion and
we consider this a good starting point.
Remarkably, the most important hopping terms are be-
tween w1 and w4, i.e., between graphene sublattices and
layers. It therefore makes sense, from a computational
point of view, to assign w1 and w4 to the same computa-
tional layer (or C-layer), even though they lie on different
physical layers. The orbitals w2 and w3 will then lie on the
other C-layer.
The model is invariant under a rotation C3 by 2pi/3 about
the AA site, and under a pi-rotation C ′2 about an axis in the
plane of the bilayer (the vertical axis on Fig. 1). These trans-
formations generate the point group D3 and affect the or-
bitals w1 and w3 as follows [1]:
C3 : w1(r)→ωw1(C3r) C ′2 : w1(r)→ w3(C ′2r)
C3 : w3(r)→ ω¯w3(C3r) C ′2 : w3(r)→ w1(C ′2r) (1)
where ω = e2pii/3 and ω¯ = e−2pii/3. In other words, the
orbitals w1 and w3 transform between themselves, and so
do w2 and w4. The model also has time-reversal symmetry
(TRS), under which w1↔ w2 and w3↔ w4.
Possible superconducting pairings are either singlet or
triplet (there is no spin orbit coupling). It is reasonable to
assume that pairing will be more important between sites
that also correspond to the most important hopping inte-
grals. Let us therefore concentrate on pairing states involv-
ing nearest neighbors on a given C-layer, i.e., between or-
bitals w1 and w4 (or w2 and w3). Because of the strong
local repulsion in our model, we ignore on-site pairing. Let
us then define the pairing operators
Si,r = cr,↑cr+ai ,↓ − cr,↓cr+ai ,↑ (singlet)
Ti,r = cr,↑cr+ai ,↓ + cr,↓cr+ai ,↑ (triplet)
(2)
where cr,σ annihilates an electron at graphene site r of the
first C-layer (in orbital w1 or w4 depending on the sublat-
tice). The elementary vectors ai are defined on Fig. 1, but
apply to the C-layer in the current context. Likewise, we de-
fine operators S′i,r and T ′i,r on the second C-layer, in terms of
orbitals w2 and w3). Under the transformations C3 and C
′
2,
TABLE II: Irreducible representations (irreps) of D3 associated with
the six pairing operators defined on nearest-neighbor sites, as de-
fined in Eqs (3).
Irrep singlet pairing triplet pairing
A1 (d + id) + (d ′ − id ′) (p + ip)− (p′ − ip′)
A2 (d + id)− (d ′ − id ′) (p + ip) + (p′ − ip′)
E [d − id , d ′ + id ′] [p− ip , p′ + ip′]
[s, s′] [ f , f ′]
the six singlet (triplet) pairing operators transform amongst
themselves and may be organized into irreducible represen-
tations of D3, as listed on Table II. To make this table more
concise, we have defined the following combinations:
s =
∑
r
 
S1,r + S2,r + S3,r

(3a)
d + id =
∑
r
 
S1,r +ωS2,r + ω¯S3,r

(3b)
d − id =∑
r
 
S1,r + ω¯S2,r +ωS3,r

(3c)
f =
∑
r
 
T1,r + T2,r + T3,r

(3d)
p + ip =
∑
r
 
T1,r +ωT2,r + ω¯T3,r

(3e)
p− ip =∑
r
 
T1,r + ω¯T2,r +ωT3,r

(3f)
and likewise for the combinations s′, d ′ ± id ′, etc. for the
second C-layer.
This organization into representations of D3 is contin-
gent on the importance of the inter-C-layer hopping t13,
which is an order of magnitude smaller than the intra-C-
layer hopping. If t13 were zero, the two C-layers would be
independent, the symmetry would be upgraded to C6v and
the classification of pairing states would be the same as in
Ref. [20], with representations A1 (s), A2 ( f ), E1 (p ± ip)
and E2 (d± id). Since t13 is small, we expect that the differ-
ent pairing states of Table II (for a given total spin) will be
nearly impossible to differentiate from an energetics point
of view, except for the difference between s and d ± id (or
between f and p± ip).
In order to probe the possible existence of supercon-
ductivity in this model, we use cluster dynamical mean-
field theory (CDMFT) [21–23] with an exact diagonaliza-
tion solver at zero temperature (or ED-CDMFT). Let us sum-
marize the procedure. The lattice is tiled into identical re-
peated units, each of which made of four clusters of four
sites each: Two clusters tile each of the C-layers (see right
panel of Fig. 2). Each cluster is coupled to a bath of six
uncorrelated, auxiliary orbitals. The parameters describ-
ing this bath (energy levels, hybridizations, etc.) are then
found by imposing a self-consistency condition.
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FIG. 2: Schematic representation of the impurity model used in this work. Each cluster is made of four lattice sites (numbered black
dots) and six bath orbitals (red squares). The normal-state bath parameters are shown on the left panel: Two different bath energies
"1,2, four different hybridizations θ1,2 and η1,2. The anomalous bath parameters are shown on the middle panel. As shown, they are
optimized for studying the p + ip state: Two complex-valued triplet pairings d1,2 between “nearest-neighbor” bath orbitals, and two
other complex-valued triplet pairings p1,2 between “second-neighbor” bath orbitals, all modulated by powers of the complex amplitude
ω = e2pii/3 as one goes around (ω¯ = ω2 = ω−1). The unit cell of the impurity model contains four copies of this cluster: Two on the
bottom level (w1,3), two on the top level (w2,4). On each level, they are arranged as shown on the right panel (the 4-site cluster on the
right is the inversion of the one on the left, and the bath parameters are the same on the two clusters, except for the sign of the triplet
pairings, which are inverted).
The bath operators are illustrated on the left and mid-
dle panels of Fig. 2: The four black, numbered circles are
the cluster sites per se. The six red squares are the bath or-
bitals. Even though their positions have no meaning, they
are, on this diagram, assigned a virtual position that makes
them look as if they were physical sites on neighboring clus-
ters. They are then given “nearest-neighbor” hybridizations
θ1,2 and “second-neighbor” hybridizations η1,2. In order to
probe superconductivity, we add pairing amplitudes within
the bath itself, as shown on the middle panel of Fig. 2: Two
pairing amplitudes d1,2 between consecutive bath orbitals,
and two others p1,2 between “second neighbor” bath or-
bitals. In total, we have 10 parameters, some real, some
complex. The impurity Hamiltonian does not contain pair-
ing operators on the cluster sites themselves. However, the
operators defined in Eqs (2) may develop a nonzero ex-
pectation value on the impurity through the self-consistent
bath.
The bybridization pattern shown in the figure is appro-
priate for triplet pairing (it is directional, as indicated by
the arrows) in a p + ip state (because of the phases ω and
ω2 = ω¯ appearing in the bath pairing amplitudes as one
circles around). This may be readily adapted to probing
a p − ip state (by replacing ω↔ ω¯) or a f state (by re-
placing ω, ω¯ → 1). Likewise, singlet states are probed by
introducing singlet pairing between bath sites. In princi-
ple, we could leave all pairings free, at the price of tripling
the number of bath parameters, but CDMFT convergence
has proven problematic when this was tested. We shall not
dwell on the details of the CDMFT procedure here, for lack
of space, and because this is amply described in the litera-
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
n
0.0
0.1
0.2
0.3
0.4
0.5
p
+
ip
or
de
r
pa
ra
m
et
er
U = 0.5
U = 1
U = 1.5
U = 2
FIG. 3: p + ip order parameter found by CDMFT, as a function of
electron density n, for several values of Hubbard U (in meV). The
order parameter is the ground state average of the operator (3e),
restricted to the cluster. The density n is the ground-state average
occupation of the cluster. One of the clusters of the first computa-
tional was used for these averages. Clusters on the second C-layer
would show the opposite chirality (p− ip).
ture (e.g. in Ref. [20, 23]).
We have probed the different states listed in Table II using
the above CDMFT setup. In order to reach a solution from
scratch, we have used the following staged approach: (i)
Owing to the small value of t13, a one-layer model was first
studied. (ii) An external field of each of types (3) was then
applied to the cluster in order to induce a nonzero average
pairing forcefully. This external field was then reduced to
zero in a few steps, each time starting from the previous
solution. (iii) Once a nontrivial solution was found in this
4way at zero external field, the second-layer was added (with
a complex conjugated bath system, e.g., p−ip instead of p+
ip). (iv) the solution found was then scanned as a function
of chemical potential within the two-layer model.
We found a nonzero solution only for p± ip pairing, with
the exception of a smaller, subdominant solution for d ±
id pairing outside of the main doping range of the p ± ip
solution. Fig. 3 shows the average p + ip order parameter
on a cluster of the first C-layer, as a function of electron
density on the cluster. The order parameter is the ground-
state expectation value of operator (3e) restricted to the
cluster within the impurity model. The plot is restricted to
below half-filling. Since the model has exact particle-hole
symmetry when t13 = 0 and since t13 is small, the results
above half-filling are nearly the mirror image of those below
half-filling.
For some densities results are missing. This is partly due
to convergence problems in CDMFT, partly due to discon-
tinuities in the CDMFT solutions, which are obtained as a
function a chemical potential µ, but shown here as a func-
tion of electron density n; these discontinuities as a function
of µ often translate into gaps as a function of n.
The order parameter progressively goes to zero towards
half-filling and zero-filling, because of loss of density of
states able to participate in the pairing. However, the re-
markable feature of these results is the minimum of the
order parameter close to quarter-filling. In principle we
would expect this to occur at precisely n = 0.5. The discrep-
ancy may be an effect of the small bath size. The dip near
quarter-filling is not complete, even though it increases with
U . A possible improvement to the present study would be to
include extended interactions, for example derived from an
on-site Coulomb interaction at the AA sites [24, 25]. We ex-
pect that including such interactions would hinder pairing
at quarter filling. This would require adding inter-orbital in-
teractions U1,2 (U3,4) between orbitals w1 and w2 (w3 and
w4). Unfortunately, since orbitals w1 and w2 belong to dif-
ferent clusters in our CDMFT setup, this cannot be imple-
mented as is. The effect could be studied within a different
quantum cluster approach, such as the variational cluster
approximation [20, 26, 27], which in practice allows larger
clusters.
We were not able to resolve the different representations
of D3, as listed on Table II. In other words, the energy differ-
ence between the A1, A2 and E representations is too small
to have an effect on the CDMFT convergence procedure.
This is due to the small value of the inter-C-layer hopping
t13. It is however important to assign opposite chiralities to
the two C-layers.
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